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Abstract— An extensive literature review was performed to
create a comprehensive allometric analysis of all published biomimetic unmanned underwater vehicles (UUV) that employ
median and paired fin (MPF; non-caudal, non-body undulating)
type propulsion. Informative plots comparing UUV velocity,
flapping frequency, mass, length, and fin arrangement are given.
Trends offer strong evidence towards generalized scaling laws
relating MPF-type UUV velocity, mass, and length.

Index Terms— pectoral fin, bio-mimetic, allometry, MPF,
BCF, UUV, robot

generalized scaling laws can assist engineers with the
development of scaled test models as well as make predictions
towards larger class UUV efficacy.
II. BACKGROUND ON FIN PROPULSION
The characteristics of and differences between MPF and BCF
type propulsion are an active area of study for fish biologists.
There are tradeoffs between MPF and BCF propulsion,
including environmental specialization, speed, efficiency, total
power consumption, and maneuverability. Fig. 1 shows
examples of both BCF and MPF-type fish.
BCF

MPF

I. INTRODUCTION

F

ISH propulsion is divided into two categories: MPF and
BCF. Median and paired fins (MPF) type propulsion relies
on fins located on the sides and/or top of the body, such as
pectoral (side) fins. Body and caudal fin (BCF) type
propulsion relies on body undulations and/or the caudal (tail)
fin [1][2].
While there are advantages to both MPF and BCF type
propulsion, this paper will explain why the MPF type has
significant advantages over BCF that should be considered
when designing UUVs. A plethora of literature in the last ~12
years has been produced on bio-mimetic/inspired MPF-type
UUVs – more so than ever before. The goal of those studies
was to create a new more effective generation of UUVs. The
researchers argued that the living inspirations enjoyed
millennia of evolution-driven optimizations to become
amazingly effective, and therefore represent a not-yetachieved gold-standard of robotic capability.
As such, a comparative analysis is now needed to identify not
only the more effective designs, but also the specific
characteristics which lead to their efficacy. To achieve this
goal, we created an extensive database to capture all
significant quantitative data on all published designs. By
plotting the data and looking for trends, important
characteristics necessary for improving future bio-mimetic
UUV efficacy can then be extracted.
From a practical standpoint, this analysis will assist engineers
in the selection of optimal designs from the literature given
specific mission requirements. Additionally, developing
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Fig. 1. BCF vs. MPF propulsion comparison (modified reprint from [1]).
Fins used for propulsion are colored in black.

Environmental Specialization: MPF is believed to be
advantageous for fishes and marine mammals interacting with
complex near-shore habitats such as reefs, while BCF
swimming is more suited to open-water cruising [2]-[7].
Evidence has also shown that fish populations which employ
MPF-based propulsion tend to dominate wave-swept habitats
of challenging hydrodynamic conditions [8].
Speed: In nature, fish that rely on the BCF type of propulsion
are more effective than the MPF type in terms of maximum
forward velocity [4][9][10]. It is important to note that fish
prefer to use MPF propulsion at low velocities. But as velocity
increases, and the maximum physiological speed limits for
MPF propulsion is reached, most fish then transition to BCF to
increase velocity yet further. This gait transition from MPF to
BCF to increase speed is a well known phenomenon
[4][9][11]-[17] and occurs at the highest velocity a fish could
likely achieve using MPF-only propulsion [4][9][13][14][15]
[18].
While for any individual fish the BCF mode will always
achieve a higher velocity than the MPF mode, it has been
found that some species employing MPF can attain
comparable cruising speeds of similarly sized BCF swimmers
[7][19]. At low speeds it is believed that MPF propulsion is
advantageous over BCF in that MPF swimmers have fewer
morphological constraints imposed by streamlining, thereby
allowing for a higher degree of variability in form [3][6].

Beyond the ability to generate higher velocities, BCF has one
other advantage: faster braking. BCF has been shown to
generate approximately ~3x higher drag than MPF for braking
by forming the body into an S-shape [20][21][22], although
the actual amount is subject to a scaling effect with respect to
body surface area and Reynolds numbers [23].
However, BCF is ineffective at maintaining stability at very
low speeds where counteracting external wake disturbances
and non-neutral buoyancy are most important. MPF is
primarily used for hovering [6][19][24], suggesting MPF is
more effective than BCF for low-speed stability.
Efficiency: For fish, the Cost of Transport (CoT) for MPF
propulsion decreases with speed [4][9][25], while the CoT for
BCF increases with speed [4][9]. CoT of both MPF and BCF
is at a minimum during the point of transition between these
two modes, suggesting that MPF efficiency is highest when
approaching the pectoral fins’ maximum morphological
constraints. This is in agreement with [26], which shows
robotic pectoral fin comparative efficiency (thrust/power ratio)
is highest when maximum flapping frequency and amplitude
limits are reached. In simplified form, Fig. 2 graphically
represents how CoT and efficiency change as MPF transitions
to BCF with respect to velocity.

reverse, a BCF fish must first turn its body around using the
caudal tail, or scully back using MPF propulsion [6].
Lastly, BCF typically requires some amount of full body
undulation – making it difficult to integrate a caudal fin onto a
traditional rigid-body UUV.
This paper has focused solely on the MPF type because for the
above reasons it is believed to have more utility for use in
rigid-body UUVs in complex dynamic environments.
Although MPF is inferior to BCF in terms of maximum
velocity, MPF propulsion is advantageous in situations
requiring low-speed precision manoeuvrability. For example,
cluttered near-shore environments, pier systems, hull
inspection, mine identification, underwater manipulation of
objects, etc., require a stable operating platform.
III. BACKGROUND ON ALLOMETRY
Biological systems are extremely complex, spanning from the
molecular, cellular, organism, social, and environmental
levels, and complicated yet further by the innumerable
interdependent components at each level. To broadly draw
informative grand-scale generalizations of life, biologists use
allometry. Allometry is the well-established method of
systematically determining scaling relationships from
collected empirical data, such as body size, shape, anatomy,
physiology, metabolism, and behaviour.
In allometry, the observed scaling is a simple power law as in
equation (1), where X and Y are observables, k is a constant,
and b is a scaling exponent.

Fig. 2. Fish CoT and efficiency with respect to fish velocity (simplified).

Power Consumption: For fish, as velocity increases, energy
consumption also increases [4][9]. This holds true for both
MPF and BCF-type propulsion regardless of efficiency. MPF
is less power expensive than BCF [16], likely due to the lower
fluidic drag associated with lower speeds, the smaller muscle
mass required to swim at low speeds [4], reduced drag due to a
rigid body [20][27][28], the possibly lower metabolic costs
associated with reduced recoil forces in MPF propulsion
compared to BCF swimmers [25], and the possibly lower
metabolic costs of red (for MPF) muscle over white (for BCF)
[4][27][29].
Maneuverability: While BCF-type propulsion has additional
degrees of freedom (DoF), it produces only 2 DoF of any real
significant thrust. As such, BCF-type propulsion is nonholonomic and therefore has controllability deficiencies. MPF,
on the other hand, can vector significant thrust in any direction
[30]. Median and paired fins are therefore used as additional
control surfaces in tandem with BCF to generate elevating and
rolling motions [31].
Another disadvantage of BCF over MPF is when considering
reverse thrust. Although some species do use BCF to assist in
reverse thrust maneuvers [22], its effectiveness is minimal. To

(1)
Y = kXb
As modern robotic systems become increasingly complex,
spanning multiple levels of interdependent components and
operating in equally complicated environments, engineers are
becoming increasing pressed to similarly develop overall
generalizations and scaling laws to inform future system
designs. While allometry has been previously used to inform
the design of robotic systems [10][32], no study has collected
enough empirical data to determine statistically strong scaling
relationships across diverse robotic systems. This study
determines the allometric power law equations for MPF-type
UUV relationships, and then compares them to known
allometric relationships of similar aquatic species.
IV. RESEARCH METHODS
While biologists collect data from living specimens across
many species to infer generalizations, the data collected for
this study was obtained from an extensive review of all known
literature concerning existing UUVs which employ MPF-type
bio-mimetic propulsion [33] - [97]. We considered UUV
velocity, dimensions (length and width), mass, fin flapping
frequency, and fin flapping amplitude. Much of the literature
had missing gaps in this data. For example, a publication may
report velocity but not vehicle dimensions, or not specify
mass, etc. In instances where values were not published or
were mathematically contradictory, attempts were made to
contact authors to establish and clarify the missing data. When

a publication reported multiple velocities, we used the fastest
typical value identified. We did not differentiate between dry
and submerged weight as most publications did not specify
whether a flooded hull design was employed or not. All data
were collected into a spreadsheet database using Excel.
The total sample size of this study was 58 bio-mimetic UUVs.
Our research did not account for endurance, actuator type,
mechanism specifics, turning radius, or cross-sectional shape.
Most UUVs were early unrefined laboratory-only prototypes,
although several were highly refined and well tested – no
distinction was made between either in our research.
For fish, biologists perform a scaling analysis using a single
species as the control. Size and shape variation within the
species can then be used to make comparisons. But there is
rarely more than one of any UUV design. As such, this study
was initiated with the hope that overall generalizations
towards scaling can be made.

manta:

L ≈ 1.12 * v

R2 = 0.71

(2)

The limited data for 4-fin-turtle type UUVs appears to also
show similar linearity, and is represented in equation (3).
4-fin-turtle:

L ≈ 0.98 * v

R2 = 0.70

(3)

Data was too sparse to determine the velocity-length
relationship for other UUV types.
For a biological comparison, at maximum fish velocity using
only two pectoral fins, an equally linear velocity-length
relationship has been identified [14][15][98][99]. There are no
published biological studies which compare length and
velocity for mantas or turtles.

We divided the UUVs into seven MPF-types as listed in Table
I. Note that for 2-pect-tail we only considered pectoral fin
propulsion – while these systems had caudal tails, pectoral fin
propulsive data was collected with the tails deactivated.
TABLE I
DATA REFERENCE CHART

Key

UUV Description

2-pect

two pectoral fins

2-pect-tail

two pectoral fins and a caudal tail

4-fin-turtle

four pectoral fins in turtle-like arrangement

4-fin-other

four pectoral fins in other arrangement

6-pect

six pectoral fins (any arrangement)

manta

has large manta-ray like pectoral fins

oscillating

has two long oscillating surfaces, one on each side

A reference key and short description of each MPF-type UUV analyzed.

V. UUV ALLOMETRIC ANALYSIS
The following sub-sections comprise of allometric
comparisons. Of all data analyzed, only statistically strong
relationships are reported in this paper. UUVs which relied on
external power sources were not considered for mass
comparisons as onboard power comprises a significant
percentage of a vehicles’ mass. For the below equations, v is
for velocity, m is for mass, f is for flapping frequency, and L is
for length.
A. Velocity vs. Length
A known velocity-length relationship would allow for the
relative prediction of UUV velocity while knowing only its
length. The data in Fig. 3 plots velocity vs. length of all MPFtype UUVs analyzed. For manta-type UUVs, a strong linear
relationship between the velocity of a UUV and its body
length is immediately obvious. This nearly 1:1 relationship is
represented in equation (2) and drawn as the diagonal line in
Fig. 3.

Fig. 3 A comparison of UUV velocity vs. length.

B. Velocity vs. Mass
Mass affects CoT, high-speed maneuverability, and portability
of the UUV system. The data in Fig. 4 demonstrates the
relationship between the velocity of a MPF-type UUV and its
mass. The relationship is exceptionally strong for manta-type
UUVs, and is shown as a diagonal line. Equation (4) is the
relative linear scaling relationship between UUV mass and
velocity when UUV type is not considered. A linear
relationship appears exceptionally strong for manta-type
UUVs as defined in equation (5), and possibly exists for 4-finturtle UUVs as defined in equation (6).

Fig. 4 A comparison of UUV velocity vs. mass.

overall:

m ≈ 21.75 * v0.94

R2 = 0.52

(4)

manta:

m ≈ 10.69 * v0.97

R2 = 0.91

(5)

4-fin-turtle:

m ≈ 41.39 * v1.06

R2 = 0.38

(6)

While there is some velocity-mass relationship data for
biological turtles [100], it is insufficient for determining an
allometric relationship. There are no published biological
studies which compare the velocity and mass of mantas.
For biological surfperch at the critical pectoral-caudal
transition velocity, an exponential velocity-mass relationship
has been identified [14]. While data was sparse, the
relationship is represented by equation (7). Our data for 2-pect
and 2-pect-tail designs have a similar relationship; however
the low R2 coefficient of determination is too inconclusive.
surfperch:

v ≈ 0.51 * m0.17

R2 = 0.87

(7)

C. Fin Flapping Frequency
Fin flapping frequency was compared to UUV length,
velocity, and mass. However, no identifiable allometric
pattern relating to UUV fin flapping frequency was found.
This result is inconsistent with the literature in regards to
biological allometry, as flapping frequency in nature has
allometric relationships.
While the majority of UUVs had a flapping frequency
between 0.5Hz and 2Hz, it is unknown whether this range
represents an optimal flapping rate for UUVs. The majority of
the literature gave no information on how flapping frequency
was selected or if it was optimized for any parameter. This
range is perhaps a coincidental result of the actuators and
mechanisms currently available to engineers at this size and
scale, and what gave subjectively reasonable thrust.
1) Flapping Frequency vs. Length
UUV length was compared to fin flapping frequency. As
plotted in Fig. 5, no allometric relationship between UUV
length and flapping frequency was found. The only trend
identified was that most MPF-type UUVs were between
0.25m and 1m in length.

Fig. 5 A comparison of UUV flapping frequency vs. length.
No allometric relationship found.

Within the biological literature, [13] showed that longer
striped surfperch fish can achieve higher velocities for any
equal fin flapping frequency, but the biological allometric
relationship is otherwise yet unclear. Both [13] and [15]
observed that fish flapping frequency is not related to size at
slower speeds, while [15] observed that flapping frequency is
significantly dependent on size at higher speeds.
2) Flapping Frequency vs. Velocity
UUV velocity was compared to fin flapping frequency.
Similar to Fig. 5, no allometric relationship between UUV
velocity and flapping frequency was found. The only
identifiable trend is that most MPF-type UUVs have a velocity
of less than 0.7 m/s.
Within the biological literature, it was found that the velocityfrequency relationship is linear for parrotfish [4] and the
bluegill sunfish [9][101]. Research by [15] and [98], which
examined multiple labriform species, showed an
approximately linear relationship between velocity and
flapping frequency. On the contrary, [13] showed that striped
surfperch fish velocity exponentially increases with fin
flapping frequency. However, the surfperch velocityfrequency relationship became linear when adjusting the data
to remove the fin ‘refractory period’.
3) Flapping Frequency vs. Mass
UUV mass was compared to fin flapping frequency. Similar to
Fig. 5, no allometric relationship between UUV mass and
flapping frequency was found. The only identifiable trend is
that most MPF-type UUVs have a mass between 1 and 11 kg.
Within the biological literature, [102] found a strong
relationship between flapping frequency and mass for aquatic
species, including birds, fish, and mammals, and is reproduced
in equation (8). Although that study did not distinguish
between MPF and BCF, it did not seem to affect the results.
Regardless, most data points came from MPF-type species.
Interestingly, turtles were the only species determined not to
follow their determined frequency-mass relationship. Work by
[14] also found a frequency-mass relationship for striped
surfperch, and is reproduced in equation (9).
f ≈ 3.56 * m-0.29
f ≈ 3.05 * m-0.13

(8)
(9)

4) Flapping Frequency vs. Flapping Amplitude
As shown in our recent work [26], amplitude and frequency
are inversely proportional variables when a flapping fin is
producing maximum thrust. As such, it can be predicted that
flapping fins of high frequency would have a low flapping
amplitude, and fins with high flapping amplitudes would have
a low flapping frequency. Fig. 6 plots UUV fin flapping
amplitude and fin flapping frequency, confirming what was
predicted by [26]. It must be noted that many MPF-type UUVs
likely did not experimentally optimize these two parameters to
maximize vehicle velocity, and that both frequency and
amplitude limits are dependent on actuator and mechanism
type. An in-depth analysis on the repercussions of this result
can be found in [26].

The overall UUV mass-length relationship, when fin
arrangement is not considered, is defined as in equation (14).
manta:
4-fin-turtle:

Fig. 6 A comparison of UUV fin flapping amplitude vs. flapping frequency.

D. Mass vs. Length
It is a well known fact of biological allometry that mass of an
organism scales by the cube of its length, as shown in power
law equation (10). To be sure, biological studies prove this
mass-length relationship for manta and other BCF/MPF fish
types [103]-[106], and also for turtle species [107]-[111].
While the exact constant, k, varies by orders of magnitude
between different species and specific fin arrangements, in all
of those studies the general trend is that mass scales to the
cube of its length.
m ≈ kL3

(10)

However a different scaling correlation was found between
UUV mass and length, as plotted in Fig. 7.

m ≈ 16.50 *L2.32
1.82

m ≈ 40.78 *L

R2 = 0.85

(11)

2

(12)

2

R = 0.78

2-pect:

2.19

m ≈ 18.80 *L

R = 0.68

(13)

overall:

m ≈ 24.32 *L2.43

R2 = 0.82

(14)

As demonstrated, the mass of man-made MPF-type UUVs
scale closer to the square of its length – contrary to scaling of
biological systems. The authors hypothesize several reasons
for this result:
1) UUVs do not experience the same scale-independent
molecular-chemical and physiological limitations as biological
systems do; have different energy storage chemistries and
densities; and robotic systems use materials of higher density
with different physical properties, such as plastics and metals,
as compared to bone and tissues [29].
2) UUVs do not have respiratory, reproductive, or digestive
systems. They do not require mechanisms to self-heal, grow,
feed, attract mates, defend against predators, hunt prey, etc.
Mission operation times for UUVs are typically measured in
hours, carrying only mission-specific payloads.
3) UUVs use depth-controlling piston tanks. These tanks are
more effective at compressing air than biological swim
bladders, thereby affecting volumetric requirements.
4) UUV mass measurements reported in the literature rarely
differentiated between dry and wet weight. Some UUVs had
flooded hulls, adding additional mass only when underwater.
VI. REFERENCE DATA
Fig. 8 through Fig. 13 plot reference data that the reader may
use to correlate UUV design to previous figures. The data can
assist the reader in selecting an optimal UUV design, given a
specific set of UUV mission requirements. UUVs within the
charts are grouped together by propulsion type.

Fig. 7 A comparison of UUV mass vs. length.
Interpolated power curve represents all data points.

While data for manta-type UUVs were sufficient enough to
determine the relation as in equation (11), the limited data for
other UUV types appear to follow a similar trend. The
determined mass-length relationship for the 4-fin-turtle and 2pect types are defined in equations (12) and (13), respectively.

A missing bar represents data we were unable to obtain. Mass
for UUVs which employed external power sources were
intentionally left blank as onboard power typically comprises
a significant percentage of a vehicles’ mass.

Fig. 8 A reference of UUV velocity data.

Fig. 9 A reference of UUV mass data, scaled logarithmically. Masses are unlisted for UUVs with external power supplies.

Fig. 10 A reference of UUV length data.

Fig. 11 A reference of UUV fin flapping frequency, scaled logarithmically. Only values determined to give the highest UUV velocity are listed.

Fig. 12 A reference of UUV body lengths per second.

Fig. 13 A reference of UUV flapping fin amplitude. Only values determined to give the highest UUV velocity are listed.
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